In this paper, we discuss some properties in uncertainty theory when uncertain measure is continuous. Firstly, the judgement conditions of continuous uncertain measure are proposed. Secondly, basic properties of uncertainty distribution and critical values of uncertain variable are proved. Finally, the convergence theorems for expected value are discussed.
Introduction
There are various types of uncertainty in the real world. This is a motivation to investigate the behavior of uncertain phenomena. Random phenomena is one class of objective uncertain phenomena which has been well studied. Probability theory is an efficient tool to study the behavior of random phenomena.
Besides randomness, fuzziness is a basic type of subjective uncertainty initiated by Zadeh 21 . In order to measure a fuzzy event, Liu and Liu 10 introduced credibility measure. Credibility theory founded by Liu 11 and refined by Liu 13 is a branch of mathematics for studying the behavior of fuzzy phenomena. A survey of credibility theory was given by Liu 12 . In many cases, fuzziness and randomness simultaneously appear in a system. In order to describe this phenomena, a fuzzy random variable was introduced by Kwakernaak 3,4 as a random element taking "fuzzy variable" values. This concept was then developed by several researchers such as Puri However, a lot of surveys showed that the subjective uncertainty cannot be modeled by fuzziness. Therefore some real problems cannot be processed by credibility theory. In order to deal with this type of subjective uncertainty, Liu 13 founded an uncertainty theory that is a branch of mathematics based on normality, monotonicity, self-duality, countable subadditivity, and product measure axioms. Since then considerable work has been done based on the uncertainty theory. Liu 16 founded uncertain programming to solve optimization problems in uncertain environments. Besides, Liu 14 proposed uncertain calculus and applied it into finance. Li and Liu
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proposed uncertain logic and defined the truth value as the uncertain measure that the uncertain proposition is true. In addition, Liu 15 proposed uncertain inference including an inference rule. The uncertainty theory has become a new tool to describe subjective uncertainty and has a wide application both in theory and engineering. For the detailed expositions, the interested reader may consult the book 17 . Since "continuity" plays a very important role in measure theory, the purpose of this paper is to discuss some properties in uncertainty theory when uncertain measure is continuous. For this purpose, we organize this paper as follows. In Section 2, we recall some basic concepts and results on uncertain measure and uncertain variable as preliminaries. Section 3 defines the continuous uncertain measure and finds out the judgement conditions for it, which will be used in the rest of this paper. In Section 4, some basic properties of uncertainty distribution are proved.
The critical values of uncertain variable are studied in Section 5. Section 6 studies the convergence theorems of expected value for uncertain variables on continuous uncertainty space. At the end of this paper, a brief summary is given.
Preliminaries
In this section, we will introduce some useful definitions about uncertain measures and uncertain variables.
Let Γ be a nonempty set, and let L be a σ-algebra over Γ. Each element Λ ∈ L is called an event. In order to measure uncertain event, uncertain measure M was introduced as a set function satisfying the following four axioms: 
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Then the triplet (Γ, L, M) is called an uncertainty space. An uncertain variable is defined as a measurable function ξ from an uncertainty space (Γ, L, M) to the set of real numbers, i.e., for any Borel set B of real set , the set {ξ ∈ B} = {γ ∈ Γ|ξ(γ) ∈ B} is an event. Extra definitions may be introduced when needed. Uncertain measure have the important properties as follows: Theorem 1. Suppose that M is an uncertain measure. Then we have
for any event Λ.
Theorem 2. (Uncertainty Asymptotic Theorem) For any sequence of events
{Λ i }, we have lim i→∞ M{Λ i } > 0, if Λ i ↑ Γ, lim i→∞ M{Λ i } < 1, if Λ i ↓ ∅.
Uncertain Measure
The uncertain measure is normal, monotonic, self-dual and countably subadditive. However, it is not continuous. If M is continuous from above, then lim sup
Similarly,
∞ i=k Λ i is a decreasing sequence and Proof. Necessity is obvious, so we only prove sufficiency. Assuming that one of the four conditions holds, it follows from Lemma 2 that 
Uncertainty Distribution
This section discusses the property of uncertainty distribution based on a continuous uncertainty space in order to describe uncertain variables. (1)
Proof. It is obvious that an uncertainty distribution Φ is an increasing function. Next, let y ↓ x. Since M is continuous and
Finally, the inequalities (1) follow from the Uncertainty Asymptotic Theorem (Theorem 2) immediately.
Remark 2. Above properties of uncertainty distribution ensure that there exists a Lebesgue-Stieltjes measure corresponding to Φ. Theorem 5. Let ξ be an uncertain variable. If M is continuous, we have
Critical Values
Proof. It follows from the definition of α-pessimistic value that there exists a decreasing sequence {x i } such that M{ξ ≤ x i } ≥ α and
Similarly, there exists an increasing sequence {x i } such that M{ξ ≥ x i } ≥ α and x i ↑ ξ sup (α) as i → ∞. Since {ξ ≥ x i } ↓ {ξ ≥ ξ sup (α)} and lim i→∞ M{ξ ≥ x i } ≥ α, it follows from the continuity of M that
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Convergence Theorems
In this section, we discuss the convergence theorems for uncertain variables on a continuous uncertainty space. 
Proof. For any r ≥ 0, we have
It follows from the continuity of the uncertain measure that
Finally, by using the Beppo-Levi theorem that Proof. It follows from Theorem 6 that
Similarly, we get 
Finally, it follows from (2) and (3) 
Conclusions
The contributions of this paper to uncertainty theory are the followings aspects: (a) the judgement conditions of continuous uncertain measure were proposed; (b) the right-continuity property of uncertainty distribution and basic property of critical values of uncertain variable were proved; (c) monotone convergence theorem, Fatou's lemma, bounded convergence theorem for expected value were given.
